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In the present note a multidimensional analogue of Bellman-Gronwall’s 
inequality is proved. 
In the present note Bellman-Gronwall’s inequality is generalized for scalar 
functions of a vector argument. It is worth noting that the integral 
inequalities have been considered by many authors. Detailed references on 
that subject matter are found in [ 1, 21. 
Let x = (x, , x2 ,..., x,,) and Y = (yI , Y, ,..., y,) be arbitrary points from R”. 
We shall say that the point x follows the point v (x > y) if xi :> yi for 
i = 1, n. The following denotations will be used: 
B(Y. xl = [YI > XII x [Y,7 x21 x *.* x IV”, %I, 
B,(Jj,-v)= [J’,>.x11 x *.. x [Y~-I>&-I] x [J’~+I>-%+I~ x ... x [Y,,>Xnlr 
ds=ds, ds, ... ds,, dr = dt, dt, ... dr,, 
ds’ = ds, ... ds,p, dskt I ... ds,, dr’ = dr, ... drk-, drkiI ... tllr,. 
THEOREM 1. Let x,, = (xy ,..., xz), x = (x, ,..., x,), x > x, be arbitrary 
points from R” and let the following conditions be satisfied: 
1. The functions u(y),f(y): R” + Fi ’ are continuous and non-negative. 
2. There exists a positive integer k, 1 < k < n such that the inequality 
U(Y) < aJ + yk 
J [i 
f(s) 4s) ds’] ds, (1) 
4 B&+x) 
holds for every point y E B(x,, x), y > x,,. 
On these assumptions the following inequality holds 
u(x)< 4x0) ew (J B(x,,x) f(s) dsJ. 
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Proof. Let u(xJ # 0 and let y > x,, be an arbitrary point from B(x,, x). 
From (1) it follows that 
(3) 
After multiplying both sides of inequality (3) byf(y) and integrating with 
respect to B(x,, x) we obtain 
Hence we get 
ln [u(x,,)+~ f(s)u(s)ds~-ln[u(x,)l~~E(~ x)f(s)ds. (5) 
B(X,,X) 0. 
Combining (1) and (5) we obtain 
4x) < @,) exp 
I,,,, 0’ x) f(s) ds). 
Let u(xO) = 0. Then according to (1) the inequality 
U(Y) < 6 + 
I 
f(s) u(s) ds, 
E(X,,X) 
holds for every positive number E and for every y E B(x,, x), y > x0. 
Hence we get the estimation 
u(x) < E exp 
(,,,, x)f(s) ds). 
(6) 
0’ 
Since u(x) > 0 and E > 0 is an arbitrary number independent of x and x0, 
then from (6) it follows that u(x) = 0. Thus Theorem 1 is proved. 
THEOREM 2. Let x0 = (xy ,..., xz), x = (x ,,..., x,,), x > x0 be arbitrary 
fixed points from I?” and let the following conditions be satisfied: 
1. The functions u( y),f( y): I?” -+ R ’ are continuous and non-negative. 
2. There exists a positive integer k, 1 < k < n such that the inequality 
x) f(s) 4s) ds’) d% 
0’ 
(7) 
holds for every point y E B(x,, x), y < x. 
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On these assumptions the following inequality would be valid 
u(x) > 4x0) exp 
(-,,(, x)f@)ds). 0. 
Proof: Let u(x) # 0 and let y < x be an arbitrary 
Then from (7) it follows 
-U(Y) 
u(x) + s;,x &,(x,,,x) J-(s) 4s) ds’) ds, ’ 
point from R(x,, x). 
-1. (8) 
Multiplying both sides of the inequality (8) by f(y) and integrating with 
respect to B(x,, x) we obtain 
I^ Bk(xo,x) f(r) u(r) dr’ 
4x> +,:,” (JB,(X,,X) f(s) u(s) ds’) dSk 1 J d*k a - f(s) ds. (9) B(q,.x) 
From (9) the following inequality follows 
f(s) 4s) ds] > - j- f(s) ds. 
B(x,,x) 
Hence we obtain 
u(x) > 44 exp (- I,,, 0’ 
In case u(x) = 0 we proceed as in Theorem 1 when u(xJ = 0. Thus 
Theorem 2 has been proved. 
Note. Theorems 1 and 2 would also hold if in the inequalities (1) and (7) 
u(xJ and u(x) are replaced by an arbitrary non-negative constant. 
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